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Bulk Viscosity: Past to Present

Rick E. Graves¤ and Brian M. Argrow†
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A review of the concept of a bulk viscosity coef� cient ¯ is presented, involving a discussion of theoretical
approaches and a summary of existing experimental data. Two independent viscosity coef� cients ¹ and ¸ are
obtained in the viscous stress tensor as a result of the isotropic Newtonian assumption. Hence, all solutions of
the Navier–Stokes equations must make an assumption regarding the functional form of ¸. With ¯ = ¸ ++ 2

3 ¹ by
de� nition, the assumption is often arbitrarily made that the two viscosity coef� cients are not independent, with
¯ = 0. This assumption has been shown to be valid only for dilute monatomicgases and is equivalent to stating that
dilatational � ow� eld effects are not signi� cant. Theoretical approaches for quantifying ¯ are classi� ed according
to whether the subject � uid is dilute or dense. Experimental methods used to estimate bulk viscosity are described.
Existing experimental data are summarized for each � uid classi� cation, and issues related to using these data for
dilatational � ows in local thermodynamic equilibrium are addressed.

Nomenclature
a = thermodynamic speed of sound, m s¡1

cp = constant pressure speci� c heat, m2 s¡2 K¡1

f = frequency, Hz
p = thermodynamic pressure, Pa (atm)
tc = characteristic � ow time, s
a = sound absorption coef� cient
b = bulk viscosity coef� cient, Pa s
c = ratio of speci� c heats
d i j = Kronecker delta
e i j = rate-of-deformationtensor, s¡1

e kk = dilatation, s¡1

j = thermal conductivity coef� cient, J s¡1 m¡1 K¡1

k = second viscosity coef� cient, Pa s
l = shear viscosity coef� cient, Pa s
q = � ow density, kg m¡3

r i j = stress tensor, Pa
t = relaxation time, s
\ = b / l , bulk viscosity ratio

Introduction

T HE presenceof bulk viscosityterms in the Navier–Stokes equa-
tions has been generally accepted for some time. This accep-

tance is because of the continuing in� uence of Stokes,1 who re-
searched the variation of shear stress with strain rate for � uids. In
general, the stress tensor for a Newtonian � uid element may be
written as

r i j D (¡p C k e kk) d i j C 2 l e i j

We can express compressibility effects associated with k in a dif-
ferent manner by isolating terms related to the dilatation e kk . This
is accomplished by formulating the average normal stress as

Np D
r 11 C r 22 C r 33

3
D ¡p C k C

2

3
l e kk

Accordingto Truesdell,2 Saint-Venant3 implied that the secondterm
in the precedingequationinvolvingthe dilatationcouldbe neglected
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for the majority of � uid � ows. The combination of viscosity coef-
� cients multiplying this term has received a special designation in
the literature and is called the bulk viscosity coef� cient, de� ned as

b D k C 2
3
l

Stokes made an argument,1 similar to that of Saint-Venant, that the
bulk viscosity could be set to zero. In fact, over the years this as-
sumption has become known as Stokes’ hypothesis.Kinetic theory4

and experiment predict that b D 0 for a dilute monatomic gas. This
result is often adopted, regardless of the nature or internal structure
of the � uid, and is equivalent to stating that dilatational effects for
a given problem can be neglected. Introductory textbooks in � uid
mechanics usually acknowledge that this assumption is not always
valid, but neverthelessassume the bulk viscosity to be zero.5,6

Any transport property can be related to a nonequilibrium re-
laxation process. If the departure from thermal equilibrium is very
small, this property can be expressed as a function of the local
thermodynamic state. To determine when the local thermodynamic
equilibrium (LTE) assumption is applicable, one must identify a
characteristic � ow time tc and compare its magnitude with the re-
laxation time t of each lagging process.7 If tc is much larger than t ,
then the LTE assumptionis satis� ed.Hence, it becomesphenomeno-
logically possible to interpret a relaxationprocess as corresponding
to an effective transport coef� cient and tabulate this coef� cient as
a function of thermodynamic properties. This includes general re-
laxationprocessessuch as dissociation,ionization,evaporation,and
chemical reactions. The preceding statements serve only to loosely
establish the domain of frequency-independent transportprocesses,
highlighting their problem-dependentnature. The reader is referred
to more advanced works8¡10 to establish rigorously the limitations
of this approach for a particular problem.

The dissipativeprocess traditionallyassociatedwith bulk viscos-
ity for a dilute gas is internal molecular relaxation.11 In a dense
gas, bulk viscosity occurs from the viscous forces that arise when a
volume of � uid is compressed or dilated without change of shape,12

whereas a liquid bulk viscosity involves the structural relaxationas-
sociatedwith rearrangementof moleculesduring acousticcompres-
sion and rarefaction.13,14 The suggestionhas been made that the use
of a single parameter to capture the multitude of nonequilibriumef-
fects associatedwith a complex relaxationprocess is questionable.15

However, as long as the LTE condition is satis� ed for each dissi-
pative process, the interpretation of bulk viscosity as a transport
coef� cient is valid.

For larger departuresfrom equilibrium, the interpretationof bulk
viscosityas a transportcoef� cient is no longer appropriate,no more
than it would be for the shear viscosity or thermal conductivity. In
this event bulk viscous effects must be replaced with general rate

337



338 GRAVES AND ARGROW

Fig. 1 Relaxation schematic for the bulk viscosity ratio X .

equations. Rate equations are not used to model shear viscosity
or thermal conductivity effects in the Navier–Stokes equations be-
cause the relaxation times associatedwith these transportprocesses
are extremely small, generallyon the order of a few molecular colli-
sion intervals. As just implied, if bulk viscous effects are neglected,
we must adopt Stokes’ hypothesis k D ¡ 2

3
l and use a rate equa-

tion to describe each relaxation process, in addition to the mass,
momentum, energy, and state equations.This approachcan be com-
putationally expensive if there are multiple relaxation processes to
consider, highlighting the motivation for bulk viscosity methods,
namely enhancing computational performance.

Figure1 is a schematicillustratingtheapplicabilityof bulkviscos-
ity methods relative to the general rate equation approach. Stokes’
hypothesis is always valid at point A, which corresponds to a dilute
monatomic gas. In region B, the LTE assumption is valid, and an
internal relaxation process may be interpreted in terms of a bulk
viscosity coef� cient. The LTE condition is no longer applicable in
region C, where the relaxation time is on the order of the character-
istic � ow time. Here, one must apply Stokes’ hypothesis, and rate
equationsare used to model translational-internal energy exchange.
Note the fuzzy area between regions B and C, implying that the
exact time ratio at which the LTE condition is valid is not clear. As-
sociatedwith each labeled time ratio are values of the bulk viscosity
ratio \ 0 and \ 1 ( \ D b / l ), whose values are problem dependent.
Although not a focus of the present review, we note that as the fre-
quencyratio further increasesthe frequency-dependent natureof the
bulk viscosity coef� cient must be considered.

The principal goals of this review are a preliminary collation
of existing experimental data for the bulk viscosity coef� cient, the
bulk viscosityratio,and the secondviscositycoef� cient for different
� uid classi� cationsand to gain physical insight into the mechanisms
responsible for bulk viscous effects in � uid dynamics. Additional
emphasis is placedon relatingestimatesof experimentaluncertainty
when this information is available. In the next section we outline
experimental methods for estimating the bulk viscosity coef� cient.
We continue with a review of the relevant bulk viscosity literature
for each � uid classi� cation, summarize availableexperimentaldata,
and address issues related to using these data in general dilatational
� ows. We conclude with a brief summary.

Experimental Methods
Acoustic Absorption of Sound Waves

Acoustic absorption measurement of sound waves is the only
demonstrated method capable of estimating bulk viscosity. This
method involves considerablepotential for error because one mea-
sures a total absorption coef� cient, then subtracts contributions to
the absorption because of the shear viscosity and thermal conduc-
tivity. The total absorption coef� cient is written as

a total D a classical C a excess

a classical D 2 p 2 f 2

q a3

4
3

l C
c ¡ 1

cp
j

or

a total D 2 p 2 f 2

q a3

4

3
l C

c ¡ 1
cp

j C b

Experiments involvingbulk viscosity attempt to relate observedex-
cess absorption a excess to b . Errors are introduced in these estimates
when different investigators use varying sources for auxiliary data
needed to compute the total absorption, such as l and j .

Attenuation experiments in ambient air are strongly in� uenced
by frequency and relative humidity. The presence of the H2O
molecule16 accelerates the vibrational relaxationof N2 and O2, and
becausethesemolecules are not energeticat room temperature, they
havedif� culty achievingequilibriumwithout this added effect.This
dilemma complicates efforts to study bulk viscous effects in high-
speed air � ows.

Alternative Experimental Methods

Alternative experiments to estimate bulk viscosity are identi� ed
by following the same approach as the acoustic absorptionmethod.
One identi� es a � ow that exhibits both large \ and dilatation, and
after data reduction correlates an experimentally measured quan-
tity with the bulk viscosity. Experiments that measure shock-wave
thickness satisfy this procedure, as the interior of shock waves are
known to exhibit large values of dilatation, with large \ values
dictated by the choice of test gas. Emanuel and Argrow17 deduced
a linear relation between shock-wave thickness and b for a dense
gas. They numericallymodeledSF6 (sulfurhexa�uoride), yieldinga
shock wave many thousandsof mean free paths thick. Given \ and
other data as initial conditions, the shock-wave structure was nu-
merically determined to provide an estimate of the thickness.Thus,
\ estimates are obtained by an inverse method where results from
shock-thickness experiments are compared with the output from a
numerical procedure.A similar approach,in principle,was taken by
Sherman,18 who experimentallymeasured shock-wave thickness in
dilute air. An additionalexperimentalmeasure for bulk viscosityhas
been outlined by Gonzales and Emanuel,19 who suggested the use
of a rotating cylinder with porous walls in Couette � ow, with the
skin friction measured at the upper wall serving as the primary ex-
perimental parameter. To the authors’ knowledge, there have been
no bulk viscosity estimates obtained from these proposed exper-
imental methods. Of particular interest would be shock-thickness
measurements of a large \ gas, such as carbon dioxide, over a wide
temperature range.

Bulk Viscosity of Dilute Gases
In this section, theoreticalprocedures for estimating the bulk vis-

cosity of a dilute gas are described, followed by experimental data
found in the literature. A similar approach is followed in a subse-
quent section for dense gases and liquids.We shall focuson describ-
ing basic principles and concepts rather than detailed calculations,
which are both complicated and tentative in nature. Cited refer-
ences are those that directly mention the bulk viscosity coef� cient,
the bulk viscosity ratio, or the second viscosity coef� cient. Thus,
experiments whose sole purpose was observation of excess sound
absorption without interpretation are not referenced in the present
work. In addition, this review is restricted to theories that deal with
the frequency-independent bulk viscositycoef� cient in accord with
the LTE condition.

Fully awareof theworkofStokesand its implications,Tisza20 � rst
introduced an additional term into the Navier–Stokes equations to
accountfor the excessabsorptionobservedin experimentsinvolving
certain monatomic and polyatomic gases and liquids. Although the
primary focus of his investigation was the dissipation arising from
the time lag for the establishment of equilibrium of the internal
degrees of freedom, similar interpretations may be applied to any
system that involves energy distributed over different degrees of
freedom. Tisza also discussed the implications of the introduction
of bulk viscosity, primarily that it would be important for � ows
with large dilatations. Tisza recognized the importance of the LTE
condition, which is necessary if bulk viscosity is to be used in the
Navier–Stokes equations.

Wang Chang and Uhlenbeck21 developed a semiclassical
Boltzmann formulation to obtain general expressions for transport
coef� cients in a pure polyatomicgas when translational-internalen-
ergy transfer is dif� cult. The concepts of easy and dif� cult energy
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exchange were introduced. Easy energy exchange refers to rapid
exchangebetween the translationaland internaldegreesof freedom,
corresponding to small relaxation times. Thus, one temperature is
adequatefordescribingthedistributionof energy.Dif� cult exchange
corresponds to longer relaxation times, and separate temperatures
are requiredfor the translationaland internalmodes.Detailedanaly-
sis resultedin an expressionfor the bulk viscositycoef� cientwritten
in terms of a collision integral that could not be evaluated.

Karim and Rosenhead22 performed a literature review similar
to the present work concerning the second coef� cient of viscosity.
Their statedpurposewas to identify � uid-dynamictrends impliedby
the assumption of Stokes’ hypothesis.They identi� ed several theo-
ries to explain the disagreementbetween experimentand theory. On
the basis of acousticabsorptionexperiments,theyconcludedthat the
application of Stokes’ hypothesis beyond dilute monatomic gases
was not justi� ed. Gilbarg and Paolucci23 showed with calculations
in normal shock waves that inclusion of a bulk viscosity coef� cient
in the Navier–Stokes equations produced larger shock widths than
investigations that adopt Stokes’ hypothesis. No original bulk vis-
cosity data were reported in this work; however, reliable values of
the bulk viscosity were not well known for polyatomic gases.

The classical Chapman–Enskog method for solving the Boltz-
mann equation in a pure gas is a perturbation method in which
the equilibrium solution is used as the unperturbed function.12,24

Curtiss,25 Curtiss and Muckenfuss,26 and Muckenfussand Curtiss27

developed the multicomponent kinetic theory of nonspherical
molecules under conditions near equilibrium applicable to dilute
polyatomic gases. A modi� ed Boltzmann equation was solved us-
ing an extension of the Chapman–Enskog perturbation scheme in
which the effects of the rotational degrees of freedom were consid-
ered. Expressions for the transport coef� cients, including the bulk
viscosity, were developed in terms of multidimensional integrals
that depend on the dynamics of the molecular collision process and
the assumed molecular model. These expressions for the transport
coef� cients are applicable to any rigid, nonspherical, convex body
in which the center of mass is a center of symmetry, and were sub-
sequently evaluated for sphero-cylindricalmolecules.

Sherman18 measured normal shock pro� les and shock widths in
a low-density wind tunnel for helium at Mach numbers of 1.72 and
1.82 and for air at Mach numbers from 1.78 to 3.91. The assump-
tion was made that \ D 0 for helium and \ D 2

3 for air to quanti-
tatively match the experimental shock widths. Talbot and Scala28

investigatedshock structurefor a diatomic gas with a single internal
degree of freedom. They assumed that the Navier–Stokes equations
are applicable inside the shock over a wide range of Mach num-
bers, comparing results from a rate equation method and a bulk
viscosity method. The conclusion was made that the rate equation
method was superior to the bulk viscositymethod because the latter
only producedcorrect results for very small values of the dilatation.
However, no attempt was made to explicitly bracket the range of
applicability of the two solution methods. In addition, the fact that
the Navier–Stokes equations were extended beyond their accepted
domain of applicability could possibly alter the conclusions of this
work concerning the utility of the bulk viscosity method.

Monchick et al.29 extended the single-componentgas kinetic the-
ory of Wang Chang and Uhlenbeck21 to multicomponentmixtures,
with the ultimate goal of developingapproximatemethods for eval-
uating the various transport coef� cients. This formulation assumed
rapid equilibrationbetween the translationaland internal degreesof
freedom (easy energy exchange). The expression relating bulk vis-
cosity to a relaxation time in a multicomponentmixture was shown
to be identical to that derived for a pure gas. It was also questioned
whether the theory was applicable beyond the LTE condition.

Chapman et al.30 investigated potential reasons for the failure of
the Navier–Stokes equations in hypersonic shock structure at high
altitudes for monatomic gases and nitrogen. An attempt was made
to model discrepancies between theoretical shock pro� le data and
experiment by adding bulk viscosity terms explicitly to the govern-
ing equations. This was the approach even for monatomic gases;
however, the validity of Stokes’ hypothesis was questioned on the
basis of Truesdell’s arguments.2 The numerical procedure involved

adjusting parameters in the bulk viscosity terms to match
shock-wave density thicknesses obtained from experiment. The
numerically predicted shock widths were in good agreement with
experiment, but the method was incapable of accurately capturing
the temperature pro� le. Better results were obtained through the
addition of a nonlinearBurnett term, an approach pursued in subse-
quent research.31 For diatomic nitrogenbetter agreementwas found
for both the shock-width estimate and the temperature pro� le.

Emanuel32 brie� y reviewedbulk viscosityconceptsin the context
of diatomic and polyatomicdilute gases. In particular,he noted that
linear triatomic molecules with characteristic vibrational tempera-
tures near roomtemperature,such as CO2 (960 K) and N2O (847 K),
should possess \ values on the order of 2000. He concluded that
bulk viscous contributionsmight be signi� cant for high-speedentry
into planetaryatmospheres.Emanuel33 further studied bulk viscous
effects related to the boundary layer of a high-speed � ow of CO2

over a � at plate. His numerical procedure assumed values for \ on
the orderof 1000,with the analysisshowing thatbulk viscouseffects
can signi� cantly in� uence heat transfer under hypersonic re-entry
conditions. Gonzales and Emanuel19 examined the effect of bulk
viscosity in a Couette � ow of CO2 with porous walls. An \ value
of 2000, characteristic of CO2, was assumed, and the transverse
density variation was compared with a similar pro� le obtained as-
suming Stokes’ hypothesis, indicating signi� cant differences. This
study also described an experimental procedure capable of estimat-
ing bulk viscosity as described in an earlier section.

Orou and Johnson34 investigateda � ow situation where the char-
acteristic relaxation process was generated by turbulence. An ex-
pressiondescribing the rate of entropy productionin a reacting � ow
was developed to relate the second viscosity coef� cient to a relax-
ation time.Ern andGiovangigli35 developeda kinetic theorymethod
for the calculationof the rotationalbulk viscosity.Approximate so-
lutions were obtained by solving linear systems of equations based
on the Chapman–Enskog expansion method using iterative proce-
dures. Test calculations were performed using an air mixture and
a 16-component, combustion-orientedmethane mixture to demon-
strate the utility of these approximate expressions. An extension
of the theory to include the vibrational bulk viscosity was also de-
scribed.

Meador et al.15 challenged the interpretation of bulk viscosity
as a relaxation parameter. They developed a method applicable
to small-signal sound propagation through a dilute diatomic gas.
Their method generalized that of Wang Chang and Uhlenbeck21

and Monchick et al.29 beyond the restriction of t ¿ tc , and thus by
de� nition is not a bulk viscosity method. The resulting expression
for the speed of sound was contrasted with a similar relation de-
veloped from a method based on reaction kinetics.The discrepancy
between these two relations, re� ecting the apparent inability of the
bulk viscosity method to predict the speed of sound at high frequen-
cies, was the primary evidence presented to support the claim that
b is not a relaxation parameter.

Emanuel36 developed a perturbation theory for the absorption
and dispersion coef� cients and entropy production that holds for
large values of \ and satis� es the LTE condition. Comparisons
between an exact formulation and the low-frequency limit show
good agreement for a large \ gas (CO2 ). Emanuel emphasized the
importance of the LTE condition and mentioned that it was unclear
when this condition is satis� ed in the sound absorption literature.

Despite the number of theoretical investigationsthat predict bulk
viscosity in dilute gases, in reality, there are very few reports of
actual experimental data. Tisza20 reported \ D 2000 for CO2 and
N2O based on the results of Kneser,37 and for air that shear and bulk
viscosity are of comparable magnitude. Prangsma et al.38 reported
bulk viscosity data obtained from sound absorption measurements
for N2, CO, CH4, and CD4 (tetradeuteromethane)overa temperature
range of 77–300 K. A test run performed using neon at T D 77 K
gave b D 0, verifying Stokes’ hypothesis for monatomic gases. The
data obtained in this investigation indicated that both b and \ in-
crease with temperature for each gas over the speci� ed temperature
range. Other data presented involved reviews of the sound absorp-
tion literature for N2 near 300 K, with limited data obtained for the
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other gases. Overall, trends indicate that b was roughly on the or-
der of l for N2 and CO, whereas more complex molecules have \
values that are greater than unity. The reported experimental error
in the determination of b was 10%.

Ash et al.39 estimated the magnitude of the second viscosity co-
ef� cient from sound absorptionmeasurements in air over a temper-
ature range of 284–323 K and relative humidity range of 6–91%.
As mentioned in the ExperimentalMethods section, the presenceof
the angular H2O molecule in an air mixture is known to accelerate
the vibrational relaxation of oxygen and nitrogen. Reduction of the
sound absorption measurements indicated that the ratio k / l varies
from2000 to 20,000over the given temperatureand humidity range.
The conclusionwas made that theanalysissupportedthe ideaof bulk
viscous effects resulting from molecular relaxation processes.

Bulk Viscosity of Dense Fluids
In dense gases and liquidsmany theories concerningthe bulk vis-

cosity involve solutions of modi� ed forms of the Boltzmann equa-
tion. Many of these theories are tentative and subject to argument,
and so our emphasis will be on theories that have been contrasted
with experiment. Classical kinetic theory based on the Boltzmann
equation assumes that molecules possess no internal structure and
that the gas is dilute. Snider and Curtiss40 developed the kinetic
theory for a moderately dense gas. The modi� ed theory extends the
density range over which the Chapman–Enskog procedure is valid
and providesexpressionsfor the transport coef� cients corrected for
higherdensity.Hanley and Cohen41 comparedthe predictionsof this
modi� ed Enskog theory (MET) for bulk viscosity with experiment.
Results indicate that MET captures the temperature and density de-
pendenceof thebulk viscosityquitewell for densegases and liquids,
excluding anomalous behavior near the critical region.

Rice and Allnatt42 and Allnatt and Rice43 developeda kinetic the-
ory for dense � uids which postulated that the intermolecularpoten-
tial between two moleculeshas a very short-rangestronglyrepulsive
region and a long-rangesoft portion.They further postulatedthe ex-
istenceof two characteristictypesof momentum and energy transfer
associatedwith these two regions.For the strongly repulsive region
there are large momentum and energy transfers, whereas for the
soft portion there are small transfers. Although applicable to dense
gases, the Rice–Allnatt kinetic theory was primarily developed for
application to liquids. Gray and Rice44 developed a bulk viscosity
relation for a simple dense � uid based on this kinetic theory. For
liquid argon at a density of 1.12 g/cm3 and over a temperature range
of 128–185 K, they report \ D 1.3 (§20%).

Dense � uids near the gas/liquid critical point have received brief
attention. Cramer and Crickenberger45 investigated the dissipative
structureof � nite-amplitude,single-phaseshockwavesin � uidswith
large speci� c heats.They noted the general scarcityof experimental
data or analytical relations for the bulk viscosity and emphasized
the general lack of transport data for the heavy � uorocarbons used
in the study. Their approach was to assume constant values for \
and observe the qualitative effect on their results.

Available Experimental Data

The only source of dense gas data for the bulk viscosity is the
work of Madigoskyfor argon.46 Acoustic absorptionmeasurements
were performed over a frequency range of 5–85 MHz, and as a
function of density from 0.5 to 1.0 g/cm3 at a temperatureof 235 K.
Results indicated that the bulk viscosity is essentially a function of
the square of the density, with \ ranging from 0.25 to 0.7 (§10–
20%). Overall, good agreement with the Rice–Allnatt theory was
indicated.

In an independent attempt to verify the Rice–Allnatt kinetic the-
ory for liquids,Naugle and Squire47 performeda seriesof ultrasonic
absorptionmeasurements(§5%) in liquidargon from 30 to 70 MHz
at a temperatureof 85 K and a pressureof 1.1 atm. Their resultspre-
dict a nominal \ rangeof 0.4–1.2, givingacceptableagreementwith
the Rice–Allnatt theory. Naugle48 carried out additional measure-
ments for argon over the frequency range of 30–70 MHz for a pres-
sure of 8 atm and temperaturesbetween 84 and 112 K. He estimated
\ D 0.7 (§50%) at 84, 87, and 90 K, and \ D 1.4 (§50%) at 112 K,

concluding that \ is approximately independent of temperature at
constant pressure. The conclusion was also made that the results
agreed quantitatively with the numerical calculation of Gray and
Rice.44 Naugle et al.49 extended the bulk viscosity estimates for liq-
uid argon to high pressures over a temperature range of 85–145 K.
This investigation produced \ estimates of 2.3–0.8 (§25%) over
the indicated density range, and the conclusion was made that the
bulk viscosity is essentially a function of the square of the density.
Singer50 measured ultrasonic absorption in liquid methane (CH4 )
over a temperature range of 94–146 K. Error estimates for b were
on the order of §25%. The bulk viscosity b increased slightly as
density increased,but \ decreased.The general conclusionreached
for this series of experiments on liquid argon and methane is that
the transport process responsible for excess absorption is structural
relaxation, with the bulk viscosity being a function of the density
squared, validating the Rice–Allnatt theory for liquid transport.

Experimental data for liquid metals are available. Jarzynski51 es-
timates \ D 4.5 (§13–20%) in bismuth at frequencies of 68 and
92 MHz over a temperature range of 573–723 K. Similar estimates
for mercury were obtained over a lower temperature interval of
298–473 K, with \ D 1.3 (§19–42%). Hunteret al.52 carriedout ex-
periments for mercury at frequenciesof 90, 150, and 270 MHz over
a temperature range of 298–403 K, reporting \ D 0.45. No mention
of uncertainties in b or \ was made, but a 2% error was reported
for the absorptionmeasurements.This \ estimatecon� icts with that
of Jarzynski,51 which the authors attribute to different sources for
the physical constants used to calculate the absorption coef� cient.
Letcher and Beyer53 performed sound absorption experiments in
sodium and potassium between 12 and 75 MHz from their melting
points to 423 K. The authors conclude that no excess absorption
was observed for sodium, but that a small absorption (§50%) ex-
isted for potassium with \ D 1.7–3.6. The conclusion drawn from
these experiments for liquid metals is that measured excess absorp-
tion cannot be attributed to molecular relaxation effects, but is due
to structural relaxation.

Discussion
Bulk viscosity experimental data discussed in the previous sec-

tions for dilute gases and dense � uids are shown in Fig. 2 plotted vs
thermodynamic variables. The purpose of Fig. 2 is to show a tem-
perature or density dependence in the bulk viscosity coef� cient or
the bulk viscosity ratio, similar to the well-established temperature
dependence of the shear viscosity coef� cient. In panels (a) and (b)
b and \ are shown vs temperature. The bulk viscosity b increases
with temperature for dilute gases, but decreases with temperature
for dense gases and liquids. The ratio \ increases with increasing
temperature for dilute and dense � uids. However, for dilute gases
this temperature dependence is very weak. These results suggest
that the nature of the bulk viscosity mechanism has a decidedeffect
on the variation of bulk viscosity with temperature (i.e., the data
cannot be representedby a single curve � t). Panels (c) and (d) show
b and \ vs density. No density-dependentbulk viscosity data for
dilute gases were found in the literature. In panel (c) b increases
with increasing density for dense � uids. In panel (d) the bulk vis-
cosity ratio for dense gases exhibits a weak density dependenceand
is roughly on the order of the shear viscosity. No relevant trend is
observed for the liquid bulk viscosity data in panel (d). Note that
the liquid metal data from Refs. 51–53 are not shown in Fig. 2 to
prevent clutter.

We emphasize that the observed trends are to be treated as ten-
tative. It has not been established that the sound absorption data
satisfy the LTE condition.Additional experimental data are needed
to gain con� dence in these observations, especially for dilute and
dense gases.

Bulk Viscosity Issues for General Fluid Dynamic Flows
As illustrated in preceding sections, small quantities of bulk vis-

cosity experimental data exist for various � uid classi� cations, with
the dominating contribution coming from liquids. These data are
determined experimentally by relating an excess acoustic absorp-
tion to a transport coef� cient. Logically, the next goal is to establish
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a) ¯ vs temperature

b) X vs temperature

c) ¯ vs density

d) X vs density

Fig. 2 Experimental data for the bulk viscosity coef� cient ¯ and the bulk viscosity ratio X : , dilute CD4
38; , dilute CH4

38; ¦, dilute CO38; ,
dilute N2

38; +, dense Ar46; , liquid Ar47 ¡ 49; and £ £ , liquid CH4:50

the validity of these results for dilatational � ows that satisfy the
LTE condition. Marcy has attempted a � rst step toward this goal54

by outlining a procedure for estimating the second viscosity coef� -
cient from sound absorptionor dispersionmeasurements.He noted
that bulk viscosity results obtained from acoustics have not been
extended to general � uid � ows because of the different assump-
tions made by researchers in acoustics and � uid dynamics. In � uid
dynamics the difference between the � uid pressure and the ther-
modynamic pressure is assumed to be proportional to a constant
dilatation, which is consistent with the LTE condition. However,
this assumption is not a requirement in acoustics, where complex,
frequency-dependent solutionsexist for planewaves.This statement
suggests that eventually engineeringsolutions to the Navier–Stokes
equationsmust be able to implement frequency-dependent transport
properties.

Conclusions
A contemporary review of the bulk viscosity literature has been

presented, covering the variation in density characteristic of dilute
gases, dense gases, and liquids.The accepted techniquefor measur-
ing bulk viscosity is excess sound absorption,which in general pro-
duces estimates that are subject to large experimentaluncertainties.
Alternativeexperimentshavebeen identi� ed that are capableof pro-
vidingadditionalbulk viscositydata fordiluteanddensepolyatomic
gases with improved accuracy. A critical aspect of any bulk viscos-
ity database will be the systematic application of shear viscosity
and thermal conductivitymeasurements in reducing numerical and
sound absorption data. To use bulk viscosity experimental data in
conjunctionwith theNavier–Stokesequations,theconditionof local
thermodynamic equilibrium must be satis� ed.

An examination of the literature reveals a distinct lack of bulk
viscosity experimental data for dilute and dense � uids. The lack
of data for gases characteristicof terrestrial planetary atmospheres,
such as oxygen, nitrogen, and carbon dioxide is critical and needs

to be remedied. Detailed theories exist for all � uid classi� ca-
tions that predict reasonableagreementwith availableexperimental
data, with the exception of dense gases possessing large speci� c
heats.

Bulk viscosity methods seek to improve on the computational
performance of existing numerical schemes where dilatational ef-
fects are important,but departuresfrom thermodynamicequilibrium
are small. Fundamental research is required to precisely de� ne the
nature, validity, and range of applicability of this approach to solv-
ing problems in � uid dynamics. Successful research using these
methods is predicted to lead to engineering estimates of a trans-
port coef� cient similar in nature to the ordinary shear viscosity, but
restricted to certain classes of physical processes.
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